A Rabi dimer is used to model a recently reported circuit quantum electrodynamics system composed of two coupled transmission-line resonators with each coupled to one qubit. In this study, a phonon bath is adopted to mimic the multimode micromechanical resonators and is coupled to the qubits in the Rabi dimer. The dynamical behavior of the composite system is studied by the Dirac-Frenkel time-dependent variational principle combined with the multiple Davydov D2 ansätze. Initially all the photons are pumped into the left resonator, and the two qubits are in the down state coupled with the phonon vacuum. In the strong qubit-photon coupling regime, the photon dynamics can be engineered by tuning the qubit-bath coupling strength α and photon delocalization is achieved by increasing α. In the absence of dissipation, photons are localized in the initial resonator. Nevertheless, with moderate qubit-bath coupling, photons are delocalized with quasiequilibration of the photon population in two resonators at long times. In this case, high frequency bath modes are activated by interacting with depolarized qubits. For strong dissipation, photon delocalization is achieved via frequent photon-hopping within two resonators and the qubits are suppressed in their initial down state.
I. INTRODUCTION
In circuit quantum electrodynamics (QED) systems, superconducting qubits are strongly coupled with microwave photons in resonators or transmission lines [1] [2] [3] [4] [5] .
Since conceived in 2004
1,2 , circuit QED architectures have been designed and fabricated as research platforms in quantum computation 2, [6] [7] [8] [9] [10] [11] [12] and quantum information [13] [14] [15] [16] . Due to high flexibility and tunability, circuit QED devices offer the possibility to simulate lightmatter interactions in quantum systems with an integrated circuit 1, 10, 12, 17, 18 . Experiments focus on engineering the coupling between a single resonator and a qubit for controllable single-resonator systems [19] [20] [21] . A key challenge is to carry out quantum simulations of strongly correlated photons of coupled-resonator systems by controlling the inter-resonator photon coupling and device-environment interactions 22, 23 . It gives rise to an interesting phenomenon of photon self-trapping due to the competition between the qubit-photon coupling and the inter-resonator photon hopping, which has been realized in experiment using transmon qubits and two coupled transmission-line resonators 24 . Another QED system composed of two coupled nonlinear resonators has been fabricated for quantum amplification 25 . Described as a Bose-Hubbard dimer, this device can also be used for photon generation [26] [27] [28] [29] [30] .
Recent theoretical studies model the tunnel-coupled resonators each containing a qubit as a Jaynes-Cumming (JC) dimer, which is the smallest possible coupledresonator system 3, 4, 24, 31, 32 . The JC Hamiltonian de- * Electronic address: YZhao@ntu.edu.sg scribes a QED system with weak qubit-photon coupling, which omits the counter-rotating-wave (CRW) interactions between the qubit and the photon mode 33 . Experimental progress has made it possible to achieve ultrastrong coupling 1, [34] [35] [36] [37] , where the qubit-photon coupling strength is comparable to the resonator frequency. In this regime, the JC model is invalid and the CRW terms play a crucial role in systems with strongly correlated photons [38] [39] [40] [41] [42] [43] [44] . The quantum Rabi model with the CRW interactions considered is expected to provided different physics 45, 46 . Beyond the JC dimer, Hwang et al. studied the phase transition of photons in a Rabi dimer 4 . In experimental realizations, fabricated QED systems suffer from ineluctable dissipation stemming from deviceenvironment interactions. The Markovian Lindblad master equation has been applied to describe the photon and qubit dynamics of the JC dimer with the photon decay and the qubit decoherence taken into consideration 3, 24 . It is found that dissipation can favor the photon localization in the initial resonator. Although the phase diagram for the photons in a Rabi dimer has been constructed, dissipation induced effects on the dynamics of the photons and the qubits in a Rabi dimer are still not well-understood 4 .
Since the early application of the Markovian Lindblad master equation to describing the dissipative dynamics in the JC dimer 3 , increasing attention has been attracted to studying influences of dissipation on various QED systems 39, 40, [47] [48] [49] [50] [51] [52] . Most of these studies are conducted by adopting master equations to capture the photon and the qubit dynamics of the QED systems, where environmental effects are considered in a phenomenological manner. However, the interplay between the QED devices and their surroundings is too complex to be modeled by a few dissipative parameters in the methods based on arXiv:1811.03878v2 [quant-ph] 27 Nov 2018 FIG. 1: Schematic of the dissipative circuit QED system studied in this work. Photons can hop between two transmission line resonators with a tunneling rate J. In each resonator, a qubit interacts with the photon mode with a coupling strength g. A phonon bath is used to model the multimode micromechanical resonators and two qubits are coupled to the phonon bath with a strength α.
the Markovian Lindblad master equation 47, 52, 53 . In addition to being affected by bath induced dissipation, the operation of QED devices can benefit from interactions with their surroundings [52] [53] [54] [55] [56] [57] [58] [59] [60] [61] [62] [63] [64] . For instance, Hohenester et al. observed phonon-assisted transition from quantum dot (QD) excitons to photons in nanocavity 54 . Recently it has been found that exciton-phonon coupling favors single-photon generation in QD-nanocavity systems 60 . Therefore, proper treatments of the system-bath interactions are needed.
Compared with the master equation approach which traces out the bath degrees of freedom (DOFs) in evaluating the reduced density matrices of the target system, the time-dependent variational principle (TDVP) with the Davydov ansätze can capture simultaneously the system and the bath dynamics [65] [66] [67] [68] [69] [70] [71] . This approach has been recently extended to include multiple Davydov trial states [72] [73] [74] [75] [76] [77] , producing numerically exact results in a broad parameter regime. Applications have been made to simulate various dynamical processes, such as the dynamics of the Holstein polaron and the spinboson model [70] [71] [72] [73] [74] [75] [76] [77] , energy transfer in photosynthetic systems [78] [79] [80] [81] [82] [83] [84] , singlet fission dynamics [85] [86] [87] , the LandauZener transition 88 , and the qubit and photon dynamics in circuit QED system 87 . In addition to the dynamical behavior, the ground state of the Rabi model has been explored with the variational method [89] [90] [91] [92] . The trial wave functions were constructed with the displaced oscillator state, the displaced squeezed state, and superpositions of those states. As a superposition of two displacedsqueezed states, a trial state was proposed by Hwang and Choi to capture the squeezing effect of the Rabi model in the ultrastrong coupling regime 92 .
In this work, combining the TDVP with the multiple Davydov D 2 ansätze, we present a comprehensive study of bath induced effects on the dynamical behavior of a Rabi dimer. Instead of adding dissipation terms into the Lindblad master equation, we model the environmental influences by coupling the qubits to a phonon bath, producing indirect photon-bath interactions. Tuning the qubit-bath coupling strength, modulations on the photon dynamics by the phonon bath can be studied. In addition to the dynamics of the photons and the qubits, the temporal evolution of individual bath modes is depicted explicitly. The reminder of the paper is structured as follows. The Hamiltonian and the methodology applied in this work are described in Section II, including an introduction to the multiple Davydov D 2 ansätze and the TDVP. Observables of interest and parameter configurations are also discussed in this section. Section III documents all the numerical results, covering photon dynamics, qubit polarization and phonon mode populations in various parameter regimes. Concluding remarks are drawn in Section IV.
II. MODEL AND METHODOLOGY
A. Hamiltonian of the hybrid system
As illustrated in Fig. 1 , we consider a dissipative circuit QED device composed of two coupled transmission line resonators with each interacting with a qubit. The device is modeled as a Rabi dimer and the environmental effects on the device are simulated by coupling the qubits to multimode micromechanical resonators. A phonon bath is adopted to describe the multimode micromechanical resonators. Therefore, the total Hamiltonian for the hybrid system contains three terms
The Rabi dimer can be described by the following Hamiltonian ( = 1)
where J is the photon tunneling amplitude, and 
Here, ∆ i and ω i are the energy spacing of the qubits and the frequency of the photon mode in the ith Rabi system, respectively. σ 
The environmental effects on the Rabi dimer are modeled by coupling two qubits to a common phonon bath
with an interaction Hamiltonian
where
is the annihilation (creation) operator of the kth bath mode with frequency ω k , and φ k is the strength of coupling between the kth mode and the qubits. The qubit-bath coupling is characterized by the spectral function,
with ω c being the cut-off frequency and the dimensionless parameter α quantifying the qubit-bath coupling strength. In our calculations, the photon tunneling J is much smaller than the frequencies of the qubits and the photon modes. As a result of the small J, the energy spectrum of the Rabi dimer contains energy levels with small energy gaps. Low frequency bath modes have to be taken into account in our calculations, as these modes may be at resonance with some transitions in the Rabi dimer. It has been demonstrated that the logarithmic discretization procedure is suitable to parameterize the low frequency bath modes with balanced numerical accuracy and efficiency 94 . Therefore, a Sub-Ohmic bath (s = 0.5) is adopted in this work, and a logarithmic discretization method is used to obtain ω k and φ k . The cut-off frequency for the bath modes is set to ω c = ω 0 , and the maximum frequency used in the discretization is ω max = 20 ω c . To verify our choice of the Sub-Ohmic bath, we have performed test calculations with Ohmic and Super-Ohmic spectral densities. As shown in Fig. S1 in Supporting Information, it is found that the bathinduced effects on the photon dynamics are independent of the bath types.
B. The multiple Davydov D2 ansätze
The multiple Davydov D 2 ansätze have been applied to study static and dynamic properties of various systems, producing excellent numerical efficiency and accuracy in a broad parameter regime [72] [73] [74] [75] [76] [77] [85] [86] [87] [88] . In principle, the multiple Davydov D 2 ansätze can give numerically exact results with a sufficiently high multiplicity. In this study, both the off-diagonal qubit-photon coupling and the diagonal qubit-phonon coupling are included in the system Hamiltonian (1). Therefore, the multiple Davydov D 2 ansätze are employed to probe the time evolution of the composite system
where | ↑↓ = | ↑ L ⊗ | ↓ R with ↑ (↓) indicating the up (down) state of the qubits. |µ n L and |ν n R are coherent states of the photon modes
where |0 L(R) is the vacuum state of the left (right) resonator. |η n B is the coherent state of the phonon bath
with |0 B being the vacuum state of the bath. In Eq. (7),
, and η nk (t) are time-dependent variational parameters to be determined via the TDVP. The physical significance of these variational parameters is clear. For instance, A n is the probability amplitude in the state | ↑↑ |µ n L |ν n R |η n B , µ n (ν n ) is the displacement of the left (right) photon mode, and η nk is the displacement of the kth bath mode.
C. The time-dependent variational principle
The dynamics of Hamiltonian (1) is obtained from the Dirac-Frenkel time-dependent variational principle. The equations of motion for all the variational parameters can be derived from
Here, α n are the variational parameters, i.e., A n (t), B n (t), C n (t), D n (t), µ n (t), ν n (t), and η nk (t) in this work. The Lagrangian L is written as
Combining the TDVP with the multiple Davydov D 2 ansätze, we are capable of investigating the bath induced dynamics of a Rabi dimer with specific contribution from individual bath modes presented explicitly. In order to study the localization/delocalization of the photons, we calculate the photon numbers in two resonators from ex-
where S ln (t) is the Debye-Weller factor
The photon imbalance is then calculated as Z(t) = N L (t) − N R (t) and the normalized photon imbalance is
. These quantities are used to characterize the localization and delocalization of the photons. In addition to photon dynamics, the time evolution of the qubit states is recorded during the simulations by measuring the qubit polarization via
As given in Hamiltonian (1) and illustrated in Fig. 1 , the qubits serve as the bridge to connect the photon and the phonon modes, transmitting the bath induced impacts to the photons. Combining influences from the photons and the bath, our calculated qubit dynamics reflects the complex interactions between the photon modes and the phonon bath.
Thanks to the methodology adopted here, the temporal evolution of the phonon bath can also be obtained explicitly. To reveal the participation of individual phonon modes in the Rabi dimer dynamics, we calculate the population on the kth mode as follows
Through interacting with the qubits, the phonon bath gradually gains sufficient energy from the Rabi dimer to affect the dynamics of the photons and the qubits. In return, the influences of the QED system on the bath modes can be investigated by calculating the populations dynamics N B k (t).
E. Parameter configurations and initial conditions
In this study, we discuss the case in which the qubits and the photons are at resonance (∆/ω 0 = 1). In contrast to the JC dimer, the photon phase diagram in a Rabi dimer is more complicated, and is determined by the competitive effects of J and g. For a bare Rabi dimer, a critical photon tunneling rate J c ≈ 0.03 ω 0 has been proposed 4 , above which the photons are always delocalized regardless of the qubit-photon coupling strength g. If J < J c , the photon dynamics in a Rabi dimer is found to undergo double phase transitions as the qubit-photon coupling strength g increases 4 . The first transition is from a delocalized phase to a localized phase, then the second one takes place from the localized phase to a new delocalized phase. Photons hop between two resonators in the first delocalized phase, while photons are quasiequilibrated over two resonators in the second delocal-ized phase. In order to elucidate the phonon-bath induced effects on the photon dynamics in the Rabi dimer, we choose three combinations of J and g, and perform simulations for each parameter configuration with varying qubit-bath coupling strength α. In Case I, both J and g are assigned with a value of 0.01 ω 0 , yielding photon delocalization over two resonators in a bare Rabi dimer 4 . In Case II, the photon tunneling amplitude J is set to 0.02 ω 0 and the qubit-photon coupling strength g = 0.3 ω 0 . The photons in a Rabi dimer are found to be trapped in the initial resonator in this parameter scheme 4 . In Case III, we parameterize the system with J = 0.05 ω 0 and g = 0.3 ω 0 . As J > J c in this situation, a photon delocalization phase is found for a Rabi dimer 4 . As adopted in common experiments 24 , the photon tunneling rate J used in our work is relatively weak. Therefore, the quadrature-quadrature coupling between the two photon modes 95, 96 is neglected in our model, as shown in Eq. (2).
Initially, a fully localized photon state is prepared by pumping N (0) = 20 photons into the left resonator while keeping the right one in a photon vacuum. Experimently it is nontrivial to prepare such an initial photon state. Raftery and coworkers have accomplished such a state through three steps 24 . First, the qubits are detuned by fast flux pulses, turning off the photon-photon interactions. Then an initialization pulse is used to populate the linear resonator modes. Finally, after a variable time delay, the qubits are biased into resonance and the photonphoton interaction is turned on. Along these procedures, one can prepare an initial state with any desired photon imbalance 24 . In contrast to the photons, the qubits in the two resonators start to evolve from their down states and the phonon bath is initially in a vacuum state.
Our calculations are numerically robust regarding the model parameters and it has been verified by preliminary calculations where small deviations were added to the parameters [see Fig. S2 in Supporting Information]. Although the photon behavior is dependent on the initial photon number, the bath-induced effects on the photon dynamics can be captured by our approach for the case with smaller initial photon number [see 
III. RESULTS AND DISCUSSION
With the qubits coupled to a phonon bath, the dynamics of a Rabi dimer will be modulated by the phonon bath in various parameter regimes. Dynamics results calculated by our TDVP approach are presented in this section. In addition to the photon propagation and the qubit polarization, dynamics of individual phonon modes is also explicitly examined. If the qubit-photon coupling is weak, the photon dynamics is mainly determined by the photon tunneling rate. With a J comparable to g, the photons hop between two resonators, yielding photon delocalization 4 . Aiming to study the bath effects on the delocalized photon phase in a Rabi dimer, we first investigate the system dynamics with a weak inter-resonator photon tunneling rate J = 0.01 ω 0 and a weak qubit-photon coupling strength g = 0.01 ω 0 . The photon imbalance Z(t) is shown in Fig. 2 for three qubit-bath coupling strengths (α = 0, 0.01, 0.1). The photons of a bare Rabi dimer (α = 0) are delocalized over two resonators, producing Josephson oscillations of Z(t) 4, 48, 97 . If the qubits are weakly coupled to the bath (α = 0), there are no remarkable bath-induced influences on the photon dynamics, as the photons cannot "feel" the indirect impact from the phonon bath with weak qubit-photon coupling. The photon dynamics is mainly determined by the photon tunneling rate J, yielding a Josephson oscillation period of T J = 2π/2J.
In addition to the photon number, the qubit state is another often measured quantity 3 . Compared with the photon dynamics, which is almost unaffected by indirect coupling to the phonon bath, the populations of the qubit states are dramatically modulated by the phonon bath, as the qubits are directly coupled to the bath. The time evolution of the qubit polarization is depicted in Fig. 3 for qubit-bath coupling strengths α = 0, 0.01 and 0.1. In a bare Rabi dimer, two qubits can be excited from the down to the up state via the interaction with the delocalized photons. If all photons are transferred to one resonator, qubit flipping is accelerated in this resonator and is slowed down in the other. Similar phe- nomenon has been observed in a JC dimer in a semiclassical approximation 3 . As can be seen from the Rabi Hamiltonian (3), a considerable amount of photons are required to flip the qubits if the qubit-photon coupling is weak. Once the qubit-bath coupling is switched on, oscillations of qubit polarization are greatly suppressed and the two qubits are constrained in the down state, which is similar to the frozen spin in a two-level dissipative system 98 . The stronger the qubit-bath coupling is, the more severe the confinement is. This phenomenon can be explained by the quantum Zeno effect. Conventionally the quantum Zeno effect refers to the suppression of quantum evolution by frequent measurements 99, 100 . A recent scheme treats the system-environment interactions as "quasi-measurements" 101 which also can lead to quantum Zeno effect 100 . In our model, the qubit-bath coupling works as the quasi-measurements of the state of the qubits, hindering qubit flipping. The frozen qubits weaken the effective qubit-photon interaction, contributing to decoupling of the photons from the qubits.
In contrast to the density matrix methods that trace out the DOFs of the bath, the TDVP with the Davy- dov ansätze can treat the DOFs of the qubits, the photons and the bath modes explicitly, making it possible to study the time evolution of each bath mode. In order to investigate the participation of individual bath modes in the Rabi dimer dynamics, we calculate the population of the bath modes, and the results with g = 0.01 ω 0 and J = 0.01 ω 0 are shown in Fig. 4 . The shape of the population distribution over all modes is independent of the qubit-bath coupling, while the population magnitude increases with α. For short times, the bath mode population is associated with the strength of coupling between specific bath mode and the qubits. As shown in Fig. 5 , the phonon modes with frequencies near ω k = 1.5 ω 0 have relatively strong coupling to the qubits, giving rise to high populations of these modes at short times. Within this short time interval, there is energy flowing into the phonon bath. As the time evolves, it is difficult to transfer more energy to the bath as the qubits cannot flip. It follows that the energy within the bath redistributes by gradually populating the low-frequency modes. interactions. With non-negligible g, the photon dynamics is dominated by the nonlinearity of the Rabi dimer spectrum, which prevents the photons from hopping to the right resonator. This phenomenon is known as the photon-blockade effect 4, 39, [102] [103] [104] [105] . Once the dissipation is taken into account by switching on the qubit-bath coupling α, the photons are no longer localized in the initial resonator.
For a qubit-bath coupling strength of α = 0.07, the photons are found to escape from the left resonator through two channels. On one hand, the photons tunnel to the right resonator at short times. On the other hand, some photons are dissipated due to the coupling to the phonon bath via the qubits, producing a gradually decreasing total photon number. At long times, only a small portion of photons are conserved and delocalized in two resonators. The photon delocalization is characterized by quasiequilibration of the photon population with two resonators having almost the same number of photons. Therefore, the photon imbalance oscillates around zero with decreasing amplitudes as time evolves. With stronger coupling, e.g., α = 0.16, there is almost no loss of the total photon number, since the indirect photonbath coupling is weakened by the qubits frozen in the down state. Surprisingly, the photons are delocalized via frequent hopping within two resonators, which is similar to that for lower values of J and g, e.g., J = 0.01 ω 0 and g = 0.01 ω 0 [see Fig. 2 ]. Comparing the photon localization for α = 0 and the photon delocalization for α = 0.16, we find that the photon confinement due to the qubit-photon coupling can be eliminated by strong qubit-bath coupling. From this set of calculations, we can clearly see that the dissipative bath induces two different forms of photon delocalization in the strong coupling regime, which is controlled by tuning the qubit-bath coupling strength α. For instance, a moderate α can be applied to achieve the distinguished photon delocalization with quasiequilibration of the photons, which is usually observed in the deep-strong coupling regime without dissipation 4 . If the qubit-bath coupling is strong, the total photon number is conserved and the photons are delocalized over two resonators via hopping.
In order to understand how the phonon bath impacts the photon dynamics, we study the qubit dynamics by calculating the qubit polarization. Results are collected in Fig. 7 . For a Rabi dimer without the phonon bath, the photons are trapped in the left resonator and help flip the left qubit frequently, as shown in Fig. 7 (a) . In contrast to the left qubit, the polarization of the right qubit oscillates around the value of − 1 2 , indicating that the right qubit tends to reside in its down state throughout.
If the qubit-bath coupling is moderate (α = 0.07), the right qubit stays in the down state at short times (tJ < 0.6). In this regime, the flipping of the left qubit is quenched, promoting the photon delocalization [see Fig. 6 (c) ]. Stimulated by the photons flowing to the right resonator, the right qubit gradually acquires sufficient energy to flip between its down and up states. In the time interval of 0.6 < tJ < 2.0, two qubits frequently flip, and a bridge between the photons and the phonon bath is established, producing a rapid decay of the total photon number and a sharp increase of the bath mode population [see Fig. 8 (a) ]. At long times (tJ > 2.0), two qubits are depolarized with σ L(R) z ∼ 0, which is useful to characterize the photon delocalization with quasiequilibration of photons in two resonators 4 . If the qubit-bath coupling is stronger, e.g., α = 0.16, two qubits stay in the down states most of the time. This phenomenon originates from the fact that the di- agonal qubit-bath coupling considerably increases the effective bias of the qubits and removes the qubit-photon resonance, preventing qubit flipping. Through the offdiagonal qubit-photon coupling [see Eq. (3)], localized photons stimulate qubit flipping, which can help trap the photons in return. As the two qubits are confined in the down state, the effects of the qubit-photon interactions on the photon dynamics can be eliminated. It seems that the photon modes are decoupled from the subsystem composed of the qubits and the phonon bath. Therefore, the photon hopping between the two resonators is mainly due to the photon tunneling. Bridging the photons and the bath modes, the qubit can tune the indirect coupling between the photons and the bath via qubit flipping. If the qubit is localized in one state, bath induced effects cannot be experienced by the photons. Hence, there is no detectable decay of the total photon number in this scenario, as is shown in Fig. 6 (d) . At short times, the left qubit flips, while the right qubit stays in the down state [see Fig. 7 (c) ]. In this time interval, the photons are completely localized in the left resonator while helping flip the left qubit. In contrast, the phonon bath is initiated from a vacuum state and cannot confine the left qubit in its down state within a short time.
In order to elucidate contributions of individual bath modes to the manipulation of the photon and qubit dynamics in the Rabi dimer, we calculate the bath mode populations, and the results are illustrated in Fig. 8 . In the moderate qubit-bath coupling case (α = 0.07), several low frequency bath modes get excited with small populations in short times (tJ < 0.6). In the interval of 0.6 < tJ < 2.0, the modes with frequency around ω k = 2.0 ω 0 are promptly populated. Within this period, two qubits can flip, effectively turning on the indirect photon-bath coupling and leading to a rapid reduction of the total photon number. Increasing population in the phonon modes with ω k ∼ 2.0 ω 0 is contributed from the energy transferred by the two qubits from the photons to the phonon modes. Similar phenomenon has been reported recently by Garziano and coworkers in a model where a photon mode is coupled to two separate atoms 42, 43 . When the photon frequency is twice the atomic transition frequency, they found that the two atoms can be simultaneously excited by the photon, and this process is reversible 42, 43 . In our study, the phonon modes with ω k ∼ 2.0 ω 0 are populated through coupling to two qubits, analogous to the reversible process demonstrated in Ref. 43 , i.e., two atoms can jointly emit a single photon during downward transitions from their excited states. With the passing of time, more bath modes are excited with frequencies ranging from 0.05 ω 0 to 2.0 ω 0 . If the qubit-bath coupling is strong, i.e., α = 0.16, the bath-induced effects are too weak to impact the photons as the qubits are confined in the down state. Therefore, the phonon dynamics is similar to the weak qubit-photon coupling case (see Fig. 4 ), where the population gradually flows to the low frequency modes.
From aforementioned results and discussions, it is found that the photon dynamics in a Rabi dimer can be controlled by manipulating the qubit state. Schmidt and coworkers demonstrated that the photon phase transition can be detected by measuring the qubit state 3 . Recently, Baust et al. have achieved tunable coupling between two resonators by controlling the state of the qubit that connects the resonators 106 . In their experiment, the qubit population is controlled by a microwave drive 106 . Nori and coworkers have proposed a multioutput single-photon device by coupling two resonators to a qubit 107 . They have also studied the phonon blockade in nanomechanical resonators coupled to a qubit 108, 109 . Some optomechanical systems have been conceived with the photon mode, the mechanical resonator, and the twolevel system coupled together [110] [111] [112] [113] [114] . Pirkkalainen and coworkers have fabricated a QED device coupled with phonons, in which a superconducting transmon qubit is coupled to a microwave cavity and a micromechanical resonator 59, 115 . The qubit-phonon coupling strength also can be measured and regulated 59, [115] [116] [117] [118] [119] . In our study, the qubits in a Rabi dimer are coupled to a multimode phonon bath. By tuning the qubit-bath coupling, the qubit state can impact the photon dynamics via the qubit-photon interaction. Thanks to the advances in nanofabrication, multimode micromechanical resonators can be manufactured to serve as the phonon bath 120, 121 . The hybrid QED system proposed in this work is experimentally feasible. Such devices can be fabricated not only to control the photon dynamics in the QED systems as demonstrated here, but also to serve as a platform for fundamental studies of quantum physics, such as the photon-qubit-phonon interactions in QED systems. It has been reported that the photons are delocalized in the parameter configuration of J = 0.05 ω 0 and g = 0.3 ω 0 4 . The bath effects on the photon and qubit dynamics in this configuration are presented here. As shown in Fig. 9 (a) , the photon imbalance for a bare Rabi dimer oscillates around zero with decreasing amplitudes, indicating photon delocalization with quasiequilibration of photons in two resonators at long times. Coupling the qubits to the phonon bath with a strength of α = 0.1 accelerates the decay of the total photon number, although the photon imbalance is similar to that of the bare Rabi dimer. In this parameter configuration, the two qubits can freely flip [see Fig. 10 (b) ] and the bath induced dissipation is effective on the photons, leading to continuous decrease of the total photon number. Many high frequency modes are activated by interacting with the Rabi dimer [see Fig. 11 (a) ].
Increasing the qubit-bath coupling strength α to 0.3, the photons are still delocalized over the two resonators and the decay of the total photon number is greatly decelerated, as can be seen in Fig. 9 (d) . In this case, two qubits remain in the down states [see Fig. 10 (c) ] and it is difficult to build indirect photon-phonon coupling. In contrast to the case of α = 0.1 where many high-frequency phonon modes are excited, the phonon population gradually flows to the low frequency modes with α = 0.3, as shown in Fig. 11 (b) .
IV. CONCLUDING REMARKS
Equipped with the multiple Davydov D 2 ansätze, the Dirac-Frenkel time-dependent variational principle is applied to investigate the bath induced effects on the dynamics of a Rabi dimer by coupling the qubits to a common phonon bath. The dynamics of the photons, the qubits and the bath modes are studied in various parameter regimes. Through extensive calculations, it is found that the photon dynamics in a Rabi dimer can be controlled by manipulating the qubit states via tuning the qubit-bath coupling. For weak qubit-photon coupling, the photon dynamics is almost unaffected by the phonon bath, and the photons are delocalized by hopping between two resonators. However, the qubits are frozen in the initial down state due to their strong coupling to the bath. In the strong coupling regime with weak photon tunneling, the photons are localized in the initial resonator in the absence of the dissipation. With inclusion of the environmental influences, the total photon number is reduced, and photons are delocalized in two resonators. At long times, the two resonators have almost the same number of photons, accompanied by the depolarization of the qubits, σ L(R) z ∼ 0. For a large dissipation strength α, the indirect photon-bath coupling is suppressed by the qubits frozen in their down state. Consequently, the photons can freely hop between the two resonators via the inter-resonator tunneling rate J, producing a photon delocalization with oscillating photon imbalance. The two kinds of photon delocalization can be achieved by tuning the qubit-bath interaction amplitudes. These intriguing features are attributed to the environmental effects in the strong qubit-photon coupling regime. It is expected that the hybrid QED device proposed in here can be fabricated in future experiments, which will provide a platform for the studies of quantum physics.
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